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The  wave prof i le  on the f ree  su r face  of a thin v i scous  liquid f i lm flowing along a porous  
su r face  under  un i fo rm inject ion is es tab l i shed  he re  by the asympto t ic  m e t h o d  which has  
been developed in [1, 2]. 

In view of the growing number  of technical  applicat ions,  much at tent ion is paid s ince recen t ly  to the 
study of flowing thin l a y e r s  (films) of v i scous  i ncompres s ib l e  fluids [3"9]. Under actual  conditions at r a t h e r  
low flow r a t e s  a l ready,  one notes undular  flow modes  in the f i lm as its f ree  su r face  acqui res  the shape of a 
per iodic  wave with a sma l l  ampli tude [10, 11]. Inject ion may  change the shape of the f ree  f i lm sur face ,  
which in turn  affects  the p r o c e s s e s  of heat and m a s s  t r a n s f e r .  It has been shown in [3], for  instance,  that 
during l amina r  f i lm condensat ion the heat  t r a n s f e r  ra te  and the condensat ion ra te  both i n c r e a s e  during suc -  
tion. 

We cons ider  a v i scous  liquid flowing down along a porous  wall  (y = 0) inclined at an angle c~ to the 
hor izonta l ,  through which quantit ies of the s a m e  liquid a r e  injected un i fo rmly  at a ve loc i ty  W (Fig. 1). 
The flow, which occurs  due to gravi ty ,  is a s s u m e d  s teady  along the x - a x i s .  In a ce r t a in  s y s t e m  of r e f e r -  
ence coordina tes  moving at a ve loc i ty  U, then, the shape of the f ree  su r face  y = f(x) will r e m a i n  invar iab le .  
The flow ra te  of the liquid through any sec t ion  of the f i lm is a l so  a s sumed  constant .  

With the flow ra te  Q and the m e a n  depth of liquid H as  the c h a r a c t e r i s t i c  quantit ies,  the flow of 
liquid can be desc r ibed  by the following d imens ion less  p a r a m e t e r s :  the Reynolds number  Re = Q / v  (v de -  
noting the k inemat ic  v i s c o s i t y  of the medium),  the Froude number  F r  -2 = gh3/Q 2 (g denoting the a c c e l e r a -  
t ion of gravi ty) ,  and the ve loc i ty  c = U H / Q .  

In the s y s t e m  of coord ina tes  moving re la t ive  to the porous  channel wall  y = 0 at the d imens ion less  
ve loc i ty  c we wri te  the s y s t e m  of d imens ion le s s  equations of motion with r e s p e c t  to the flow function r (u 
= 8 r  and v = - 0 r  denoting the r e spec t ive  veloci ty  components  along y and x) as follows: 

Fig. I. Schematic diagram of a flowing thin viscous 
liquid film and transverse injection. 
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" D(x, y) " = - - ~ x  ~sinc,.H Re Oy 
/ ~ . l .  \ 

D (x, y) = -T O-y- - ' -  Fr ---~ cos cr - -  R---~ " 0---x- he. 

E l imina t ing  the p r e s s u r e  P f r o m  Eqs .  (1) and (2) yields 

D (A~b, ~p) 1 
D (x, y) = Re  AA, .  

On the f ree  su r face  of the Liquid y = f(x) the tangential  s t r e s s e s  mus t  be ze ro  

4f= 0~r + ( 0~* -- 0=* t 1--f~ df 
l +3" axOy k Ox' a v = / l + f i = O ; f ~ = - - d x  

and the n o r m a l  s t r e s s e s  mus t  be ze ro  

- P - oxo---  l+f  + o p ]  1 

The boundary conditions at  the porous  wall  a r e  wr i t ten  as:  

~162 = - c ;  ov - ~-x Iv=0 =w" 
The s t ipulat ion that the flow ra te  through any sec t ion  of the f i lm is constant  can be e x p r e s s e d  as 

J(x) 

.t" ~-y dy=~p[x, f(x)]--~p[x, Ol =q, 
O 

where  q = 1 - c  r e p r e s e n t s  the d imens ion les s  re la t ive  flow ra te  of liquid in the moving s y s t e m  of coord i -  
na tes .  

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

Proceed ing  now by the method of "na r row"  bands [12, 13], we will cons ider  the auxi l iary  p rob lem of 
de te rmin ing  the flow function within the region occupied by a liquid at a fixed value of f(x). A change x 
--- x / e ,  with the sma l l  p a r a m e t e r  e cha rac t e r i z ing  the . n a r r o w n e s s "  of the f i lm, will introduce this smal l  
p a r a m e t e r  s into all  equations and boundary conditions here ,  making it feas ib le  to s eek  the solution to 
Eq.  (3) in the f o r m  of an asympto t i c  expansion with r e spec t  to this p a r a m e t e r :  

Consider ing this expansion (8), we have for  the zero th  approximat ion  

0~r176 = 0. 
a9 4 

(9) 

Conditions (4), (6), and {7) in the ze ro th  approx imat ion  will then be 

0~r ~=f(x) = 0; o, .  ]= _ c; 0r = 9; 
Oil -~y y=o -- c)x ]y=0 (10) 

~Po[x, f (x)l - -  %ix, Ol = q. 

Since we a re  in t e res t ed  he re  in waves  with sma l l  ampl i tudes  (i.e.,  f(x) = 1 + ~?(x) with function ~?(x) s m a l l e r  
than unity), hence the solut ion to Eq.  (9) with boundary conditions (10) can be r ep re sen t ed  as 

C1 *o= - ~  ~f + _C~ y2 --cy--wx + Cv (11) 

where  C i = - 3 ( c  + q) + 3(2c + 3q )~-9 (e  + 2q)~ 2 + 0(73); C 2 = 3(e + q ) - 3 ( c  + 2q)~ + 3 ( e +  3q)~ 2 + O(~S); and C 3 
is  an a r b i t r a r y  constant .  We note that the injection veloci ty  w, as can be seen  f r o m  solution (11) and 
boundary  conditions (10), is  a sma l l  quantity (w = 0(E)); in other  words,  we cons ider  an undular  flow mode 
in the case  of thin f i lms  with a l imited inject ion - not exceeding a specif ied r a t e .  

Fo r  the f i r s t  approx imat ion  we have 

I-,r o,,~ )] 
0',, =Ro/ *' op ,_ D-(Z, v): (12) 
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Fig. 2. Shape of the wave prof i le  as a function of the reject ion veloci ty  w, 
f o r c  =2.9,  Re =23.6,  and ~ = 5 ~  (1), 10 -3 (2), 2.5 -10 -3 (3). 

Fig. 3. Wavelength t and the Froude number  as functions of the inject ion 
ve loc i t yw ,  f o r c  =2.9,  Re =23.6,  and c~=5 ~ . 

and the boundary conditions 

~=o y=O 
0~r = 0', = 0; = 0; ~[x,  f (x)~ --  %Ix, 0] = 0, O~Pi 0% 

aY ~ u=t('~, @ "~x 

where f rom 

with 

= y + . -~ -  y , C~TII~(x, y), 

C4= 9 R e w [ - - c - - q - ? ( c  ,+2q)~1--(c+3,7)~t ~1 
8 

-~5 Re ~,[9q ~ + cq - -  c z + (c ~ - -  2cq - -  27q ~) "q] + 0 (vl~); + 

C 5 = 3-~--Rew(-- c - - q  -}- ql 1 --qq~) - -  ~ Rell~:[12q2-F6cq + c2-- (24q2+ 6cq) ~1] + 0 (~14); 
8 35 

Hl(x , y) is the par t i cu la r  solution to the noahomogeneous E q. (12) (not shown he re  because  of i ts unwieldi-  
ness) ,  ~x -= dv /dx ,  and C 6 is an a r b i t r a r y  constant .  

Fo r  the second approximation we have 

a%~ = Re \ oY ~ 
ay, D (~, -y)- 

and the boundary conditions 

yielding 

where  

�9 D (x ,  y )  - -  2 a.Yoy------ T 

(13) 

(14) 

(15) 

a'r =0; 0~2[ =0; ar =0; ,~[x, /(x)l--r ol =0; <16) 

r f - ~  + -~ y~+Cg+H~(x, y), 
(17) 

�9 ] Re~w ] 39w (-- 3 C 7 = - ~  _ c - - q  + q~l) - T 4  (114c2 + 197cq + 139q ~) ~x 

+ 3 [  121275 Re2 ( 1 4 0 4 q 2 + 1 8 9 6 e q 2 + 8 8 9 : q - - 1 6 6 : ) - - ~ O  (6c + 19q)t~x+O014); 

H2(x , y) is the pa r t i cu la r  solution to the nonhomogeneous Eq.  (15) (not shown he re  because of its unwieldi-  
ness) ,  7/xx - dZq/dx 2, and C~ is an a r b i t r a r y  constant;  C 8 is not needed for  fu r the r  calculat ions.  

Thus,  we have a solution to the auxi l iary p rob lem in t e rm s  of ~ as a function of the yet  unknown 
quantity f(x) and, in o rde r  to de te rmine  the la t ter ,  we need now the boundary condition (5). Differentiat ing 
Eq.  (5) along the f ree  surface ,  we can obtain 
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(OP +OP f=+ 2 0hpo ) l  = 0 ,  (18) 
Oy n e  Ox2Oy .=i(x) 

within the n e c e s s a r y  accuracy,  where 8P/3x and 0P /By  f rom Eqs.  (!) and (2) respec t ive ly  are  

OP ._ 1 C 1+C 4 + c ~ -  s ina+O(sS);  
Ox R e ,  . Ox~Oy) + 

(19) 
0P l 

- .  cos cz + O (82). 
Oy Fr ~ 

Insert ing (19) into (18), with the values of the constants e l ,  C4, and C 7 just  de termined  and also cons ider -  
ing that q = l - e ,  we obtain a s econd -o rde r  ord inary  different ia l  equation in ~?(x): 

~lxx + Ax~,~+ A'z~lrlx'+ As~l + A4rl 2 + As =: 0, (20) 

where 

Re [ 2 l~ew I ! ] AI="-B-[--~ (7c2-17c+9)- ~ (56c='-81c + 139) 3 Fr ~" cosa. ; 

2 Re 1 { 3 Re w A,- -  35 -B ( -24c=- I -52c -27) ;  A s = ~  3 - - c - -  

x c- -2  13 Rew(1--c) ; ,4 4 =  c - - 2 - - - -  Rew(3--2c) ; 
- 12-3 - B -  8 . 

1 [ 1 -~r ~ 3 R e w ( 1  +. 13 ) ]  A 5 :: - ~  - ~  Re sin ~z-- 1 - -  ~ 1-~ Re ~a ; 

(231c ~ --  --  1404). 
Re ~ 

B = (3c--4)-~ 12127~ 1309c~+ 2316c 

The p a r a m e t e r s  in the per iodic  solution to equations of the (20) kind can, for  small  values of the 
Reynolds number ,  be expres sed  in t e r m s  of the coefficients  in Eq.  (20) [13]. It has been shown in [11, 13] 
that for  the undular mode in the case  of a thin viscous  liquid fi lm the dimensionless  veloci ty  c is almost  
three  t imes  h igher  than the mean  veloci ty  of p lane-para l l e l  flow, f rom which follows that A t < 0, A 2 > 0, 
A 3 > 0, and A 4 > 0. Considering this, we have the following l imits  for  the injection veloci ty:  

1 
o <  w < < ~ e ,  (21) 

and this range should be regarded as the validity criterion for applying the method of ,narrow, bands to 
the given flow problem. 

With the Reynolds number Re of the film flow, the inclination angle o~ of the wall, and the injection 
velocity w of the liquid given according to (21), the solution to Eq. (20) will relate the shape and the wave- 
length of the profile to the injection velocity w. Based on calculations, the shape of the wave profile as a 
function of the parameter w is shown in Fig. 2 and the wavelength as a function of the parameter w is shown 
in Fig. 3. We note that a higher injection velocity, as is evident from Figs. 2 and 3, will result in a 
smaller wave amplitude and a shorter wavelength on the film surface with the film becoming thicker. 

N O T A T I O N  

w is the inject ion veloci ty;  
U is the wave veloci ty;  
Q is the flow ra te ;  
H is the depth of liquid film; 
x, y is the d imensionless  ca r t e s i an  coordinates ;  
Re is the Reynolds number ;  
v is the kinematic v iscos i ty ;  
F r  is the Fronde number ;  
g is the acce le ra t ion  of gravi ty;  
c is  the d imensionless  wave veloci ty;  
r is the flow function; 
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u, v 
P 
q 
w 

C 1, C 2, . . . .  C 9 
A s, A2, �9 . . , A5 
II1, II 2 
k 

f(x), ~(x) 

are  the veloci ty  components  along x and y r e spec t ive ly ;  
is the p r e s s u r e ;  
is  the d imens ion les s  flow ra te ;  
is the d imens ion les s  inject ion veloci ty;  
is the sma l l  p a r a m e t e r ;  
a re  the unknown functions;  
a r e  the cons tan ts ;  
a re  the p a r t i c u l a r  solutions to nonhomogeneous equations;  
is the wavelength;  
is the incl inat ion angle of porous  wall;  
a re  the shape functions of the undular  f i lm su r f ace .  
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